Plane waves in the generalized Galileon theory 



(N 

o 



Eugeny Babichev 1 ' 2 

1 Laboratoire de Physique Theonque d' Or say, Batiment 210, 
Universite Paris-Sud 11, F-91405 Orsay Cedex, France 
2 gReCO, Institut d'Astrophysique de Paris, UMR 7095-CNRS, 
Universite Pierre et Marie Curie-Paris 6, 98bis boulevard Arago, F-75014 Paris, France 

(Dated: July 26, 2012) 

We present an exact plane wave solution of the shift-symmetric Horndeski (generalized Galileon) 
theory. The solution consists of the scalar part, and the gravitational part with two polariza- 
tion modes. The former is due to the presence of the non-trivial Galileon scalar field, and it is 
parametrized by an arbitrary function of the light-cone coordinate. For a trivial scalar field config- 
uration the solution is equivalent to the plane gravitational wave in General Relativity. When the 
metric is Minkowski, we reproduce known results for the plane waves of fc-essence and a soliton-like 
solutions of a non-covariant Galileon model in a flat space-time. 
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I. INTRODUCTION 

The general scalar-tensor theory whose field equations 
for the metric as well as for the scalar field involve at most 
second-order derivative was first formulated by Horn- 
deski A remarkable property of the theory lies in 
the fact that in spite of its Lagrangian contains higher- 
order derivative terms, the associated field equations are 
of second-order. This theory can be thought as a gen- 
eralization of the well-known scalar-tensor Brans-Dicke 
theory Q and its extensions 

Later, in a quite different context a similar model, 
dubbed Galileon, was introduced in Q. The original 
Galileon is a scalar field theory, living in a flat space- 
time and invariant under the Galilean transformations 
of the field. A covariant version of Galileon ("covariant 
Galileon" ) was found in [j| , and further generalized in @ 
(see also Q)- It turns out that the most general covariant 
Galileon in four dimensions coincides with the Horndeski 
theory @. 

The Horndeski model is interesting in several aspects. 
First of all, since this theory contains non-quadratic ki- 
netic interactions, the perturbations propagate in an ef- 
fective metric, which is in general different from the grav- 
itational one. In particular, perturbations may travel 
superluminally. Another interesting feature of the Horn- 
deski theory is the presence of the screening effect. Since 
the Galileon model can be viewed as a certain fc-mouflage 
theory, which generically possesses the Vainshtein mech- 
anism (Toj . one expects the same mechanism to be also 
present in the Galileon theory This property can 

also can seen from a different perspective: the decou- 
pling limit of the ghost-free massive gravity gives rise to 
(a part of) the Galileon Lagrangian, while the Vainshtein 
mechanism has been shown to operate for massive grav- 

il.v 00. 

Both superluminality and the screening in the Galileon 
theory are due to the non- linear kinetic mixing of the the- 
ory. On the other hand, the non-linearity renders difficult 
to find exact solutions of the theory. It is not surprising 



that only a few exact solutions were found for (certain 
classes) of the Horndeski theory. Therefore it is of inter- 
est to look for other exact solutions. 

In the case when the metric is flat (and its dynamics 
is neglected) the Horndeski theory becomes a scalar field 
theory, which is easier to handle. In this limit, light-like 
waves of non-linear scalar field theories were presented in 
the literature before. In particular, in the context of the 
fc-essence model — which can be viewed as a subclass 
of the Galileon model — such solutions were found in 
9]. Also, a certain class of the non-covariant version of 
Galileon model (on flat background) possesses light-like 
waves [l4[ (for a more recent work see also [IB]); which 
sometimes dubbed "moving solitons" or "moving domain 
walls" . The stability of these solutions were further stud- 
ied in 16]. 

In this paper we present an exact plain wave solution 
in the context of the most general shift symmetric Horn- 
deski theory, taking into account dynamics of the met- 
ric as well. The theory that we study includes, among 
others, pure fc-essence theories, the DGP-like scalar field 
theory and the covariantized Galileon. In flat space-time 
the solution reproduces known light-like wave solutions 
for the pure fc-essence model, and for the DGP-like non- 
covariant Galileon. 

The paper is organized as follows. In Sec. [TT] we give 
the general expressions of the action, and the equations of 
motion for the scalar field and the metric. In Sec. Mil we 
consider a pp-w&ve ansatz for the metric and we assume 
that the scalar field only depends on the retarded time 
coordinate. We will then exhibit a plane wave solution, 
and the last section is for the conclusions and the further 
directions to investigate in the future. 



II. ACTION, ENERGY-MOMENTUM TENSOR 
AND EQUATIONS OF MOTION 

The most general shift-symmetric action, giving rise to 
the equations of motion up to the second order, can be 
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parameterized by four free (dimensionfull) functions of 
the standard kinetic term, 

K(X), G {n) (X), n = 3,4,5, 

where X stands for the canonical kinetic term, 

X = -\g» v d^d v y. 

The full action can be written as, 

5 
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The Galilcon terms entering this action are, 



C 2 



= K{X), 



i?G (4) (X) 

\2 



(1) 



(2) 
(3) 
(4) 



-3L> (VV</?) Z + 2(VV<^T 

-6G^V^V>G( 5 )(X), (5) 

where the following short-hand notations are used 

(VV<^) 2 = (V„V^) (V"W) , 
(VV<^) 3 = (V M V«^) (VVV) (v p v» . 

The subscript of each Lagrangian term corresponds to 
the number of fields ip, which enters this term, when 
considered in flat space- time with K{X) = G^ = X 
and G^ = G^ = X 2 . These notations are in accor- 
dance with those of the original non-covariant version of 
the Galileon. We have not included the Lagrangian 
since it would break the shift-symmetry. Note that the 
Einstein-Hilbcrt term can be absorbed in the last term of 
(|4]), such that the action for General Relativity is recov- 
ered by identifying G^ = M P , where Mp is the reduced 
Planck mass. 

Thanks to the shift symmetry, the equation of motion 
for the scalar field can be written in the form of a current 
conservation, 



where the total current is the sum of the currents corre- 
sponding to each of the four Lagrangians, 



The expression for the currents can be written as [lj 



4 2) = K ,x^^ 

= n^Ggv^ + v^G^, 

JW = [(W - (VV^) 2 ) G% + 

+ 2V„ (g$ (n^ - v^vv] 



RG 



(7) 
(8) 
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(9) 

and the expression for J^> in given in the appendix [SJ 
The energy-momentum tensor is also the sum of individ- 
ual contributions, 



T — \ " t(") 

n=2 



where the fc-essence part of the energy-momentum tensor 
is, 



(10) 



The contribution from the generalized DGP ("kinetic 
gravity braiding") term, £3, is 



T® = - (VaG (3) VV) g^u + 2V {fl G^V u) p 

+ D^Ggv^V^ - (g§) VaXVV) 9»u (11) 
+ (d^Uip) V^V u cp + 2GJ ) V (m ^V i/) X, 



V = 0, 



(6) the higher-order £4 part reads, 



T® = g,u{RG^ - ((D^) 2 - (VV^) 2 ) - 2G%V P XWX - 2 (p<pG%) V^VX 



IG^^Rp, 



G$R+G% ((□^) 2 ~(VV^) 2 



V M ^V„<y3 + 4 



(p<pG 



(12) 



2G g (V p V^V„V^ + 2V (fl tpR l/)p V p tp + RfuwVtpVtp) - 2G (4) i? M „, 
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and the expression for the energy-momentum tensor cor- 
responding to £^ can be found in the appendix lAl The 
equations of motion, obtained by varying with respect to 
the metric (generalized Einstein equations) read, 



T = 



(13) 



Note that if £4 contains the Einstein-Hilbert term, then 
the Einstein tensor appears as a part of T$ in the above 
equation. 



III. ANSATZ AND SOLUTION 

After having written all the necessary expressions, let 
us consider the following ansatz for the metric, 



ds 2 = —F(u, y, z)du 2 — 2dudv + dy 2 + dz z 



(14) 



corresponding to a pp-wave metric, where u and v are 
null coordinates. For this metric the nonvanishing com- 
ponents of the Riemann tensor are, 

Ruyuy — T^yyi -^uyuz — ~^^yzi Ruzuz ~^^zzi (-^) 

and those obtained by using the symmetries of R^ap- 
Therefore to insure that the metric (jT4"]) describes a 
non-trivial solution, one or more second derivative of 
F(u,y,z) with respect to y or/and z must be nonvan- 
ishing. For the ansatz (fT4|) the Ricci scalar is identically 
zero, R = 0. The only nonvanishing component of the 
Ricci tensor (and therefore of the Einstein tensor) is the 
uu component, 



R„ 



1 



(Fyy + Fzz 



Since we look for a plane-wave solution, we assume that 
the scalar field depends only on the null coordinate it, 



Ifi = (f(u). 



(16) 



For the given ansatz the only possible nonvanishing com- 
ponent of the current is the u-component. By substitut- 
ing (ITBl and (fl4"l) into the expressions for the currents 
©, ©, © and (|AH we obtain, 

= K x ^, jW = jW = J<*> = 0, (17) 

where K x = dK(X)/dX. The fact that most of the 
terms drop out from the expression for the current, can 
be easily seen by noticing that for our ansatz, X = Dip = 
(VVc/?) = (VV93) 3 = 0. Only the fc-essence part of 
the Lagrangian, C^ 2 \ gives a non-trivial contribution to 
the current for the ansatz (IT41 and (fT6"|). Then it is not 
difficult to check that the scalar field equation of motion, 
Eq. ([6J , is satisfied automatically. Therefore any function 
f{u) and metric (|T4"]) is a solution of equations of motion 
for the scalar field. 



We need also to make sure that the equations of 
motion for the metric are satisfied. Let us calculate 
the energy- momentum tensor for the given ansatz. We 
assume K(0) — to exclude the cosmological term. 
Substituting (fT4"f and (TTC1) into the expressions for the 
energy-momentum tensor, (fTUj) . (ITTl) . (IT21) and (|A2[) . after 
lengthy but straightforward calculation we find that the 
only nonvanishing components of the energy-momentum 
tensor are, 



T 



(2) _ 



K X (0) ( i p' u )\T^ = -2G^(0)R v 



(18) 



As one can see from (|18[) , the nonvanishing components 
of the energy-momentum tensor come from the /c-essence 
part, and part, the latter being a generalization of 
the Einstein-Hilbert term to the case of Galileon shift- 
symmetric scalar-tensor theory. The non-trivial compo- 
nent of the metric equation of motion takes the form, 



TP 



F, 



(19) 



where k = K x (0) / 'G (4) (0) = const. Eq. (UU is a two- 
dimensional (in y and z coordinates) Poisson equation 
with a constant source. The general solution of (jl"9]) con- 
tains the homogenous and a particular solutions. A par- 
ticular solution for F can be easily found from by inte- 
gration of (fT9|) , 



(20) 



where we omitted the constant term and the term linear 
in u, since they can be removed by an appropriate coor- 
dinate transformation 1 . Note that in three dimensions, 
in the context of canonical scalar field minimally cou- 
pled to gravity without self-interacting potential, such 
solution has been found in 



18(. The subscript tp in ([20 



implies that this solution — a particular solution of the 
partial differential equation (|19j) — depends on the form 
of the scalar field profile. The homogeneous solution of 
(fT9| satisfies the Laplace equation, 



F + F =0 

yy ~ zz u : 



and can be written as a series, 

F s ( M ,y,^) = ^/W(^ (l) (y,z). 



(21) 



(22) 



The solution F g corresponds to a free gravitational wave 
and independent of <fi(u). Functions /W are arbitrary, 
while each 10 W in (f22|) satisfies the two-dimensional 
Laplace equation, 



yy 1 ^ zz J 



1 The fact that a solution of the form ~ Co + C\ u with Co and C\ 
constants, is a pure gauge can be also seen by from 1151 1: such a 
solution does not contribute to the Riemann tensor. 
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An important class of solutions for F g can be written as, 
F g (u, y, z) = a(u)(y 2 - z 2 ) + 2b(u)yz, (23) 

where a and b are arbitrary smooth functions. The met- 
ric (fT4|) with F given by ([23)) coincides with the plane 
gravitational wave in General Relativity. Finally, the full 
solution can be written as, 



<p = ip{u), 
ds 2 = 



K I dip 
V 



2 V du 
2dudv + dy 2 + dz 2 , 



F g {u,y,z) 



du 2 



(24) 



where ip is an arbitrary smooth function of it, and F g is 
a solution of (12T1). 



IV. SUMMARY 

In this paper we found an exact plane wave solution in 
the most general scalar-tensor Horndeski (or generalized 
Galileon) theory possessing shift-symmetric Lagrangian. 
The solution, Eq. (|24p . is given in terms of an arbi- 
trary smooth function of a light coordinate, ip = p>(u), 
parametrizing the scalar field profile; and by a func- 
tion F g (u,y, z), which satisfies the homogeneous Laplace 
equation (f2il . The solution for F(u,y,z), contains two 
pieces. One part, F v , describes the backreaction of the 
metric due to the presence of the scalar field, and it is 
given in terms of the scalar field profile, Eq. ([20)) . The 
second piece, F^, does not depend on ip and represents 
a free non-linear gravitational wave, and it satisfies the 
Laplace equation (|2 1[) . An important example of a free 
gravitation wave contains two free functions a(u) and 
b(u), Eq. (|23|). corresponding to two different polariza- 
tions. 

A noticeable result of our analysis is that for the ansatz 
(fT4|) and (|16jl the conserved current is not identically zero 
only for the part of the Galileon Lagrangian, correspond- 
ing to the pure £;-essence theory, Eq. 

Besides, it is worth to mention that the and 
parts of the Lagrangian do not contribute to the equa- 
tions of motion for metric, once the pp-w&ve ansatz is 
apllied. Only terms coming from the /c-essence part of 
the Lagrangian and the £( 4 )-term appear in the equa- 
tion of motion for the metric. This means, in particular, 
that £3 and £5 terms do not contribute to the energy 
carried by a plane wave. This is not a general property 
of these Galileon terms, since, for example the Galileon 
term £4 does contribute to the energy flux in the case of 
the accretion onto a black hole 1191. 



When the scalar field has a trivial configuration, ip — 
const, our solution reduces to a Genera Relativity so- 
lution for a free gravitational wave. In particular, the 
plane gravitational wave, Eq. (|23[) . is a solution for the 
shift-symmetric Horndeski theory. 

On the other hand, in the limit when the metric be- 
comes non-dynamical, we reproduce solutions for certain 
non-linear scalar field theories known before. In particu- 
lar, when the full Horndeski Lagrangian contains only £2 
term, our solution trivially reduces to a wave solution for 
the pure fc-essence @. When the non-covariant version 
of the DGP-like Galileon is considered (in flat metric), 
with K oc X, oc X, £4 = £5 = 0, one easily recovers 
a "soliton"-like solution for Galileon, which was studied 
in Hi [l| . 

There are open question left for future work. First of 
all, the stability of plane-wave solutions is to be stud- 
ied. There are several types of instabilities, which may 
arise: ghosts, gradient instability or tachyon instability. 
One can notice, for example, that the sign of Kx , which 
controls the presence of a ghost in the /c-essence theory, 
does not seem to affect the existance of the solution (|24p . 
Therefore, a separate analysis of the stability of a plane 
wave is required. Since the scalar and the gravity modes 
are kinetically mixed, the stability analysis promises to 
be rather challenging. Another interesting problem to in- 
vestigate is a possible formation of caustics in the plane- 
wave solution. Since the perturbations of the Galileon 
on top of the plane wave background may travel with 
the speed, exceeding the speed of light (while the back- 
ground solution travels with the speed of light), the per- 
turbations tend to accumulate at the front of the wave. 
This may be an indication of caustic formation. Colli- 
sion of Galileon plane waves is another interesting topic 
for future work. 
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Appendix A: Lagrangian £5 

Here, for completeness, we list the expressions for the 
current and the energy-momentum tensor corresponding 
to the £Vterm ([5]). These expressions, e^., can be found 
from corresponding formulae in Ref. [17] . by requiring 
the shift symmetry, ip — > <£>+const. For the conserved 
current one finds, 



■5 



J (5) ^ = - [6G pCT V p VVG^ - ((O^) 3 - 2Bip (VV(^) 2 + 2 (VV</?) 3 ) G^ x ] W 



+v„ 



G^ } (3(D^) 2 .g^-3(7^(VV^) 2 -6n^V^VV + 6V^V A ^V A V>)] -6G^V„G (5) . (Al) 



The energy-momentum tensor reads, 

= C l9pu + C 2 Vp<pV v tp + C 3 V P XV V X + dV^ipV^X + GsV^V,^ + G 6 V^XV /3 V ( ^V (U) ^ 

+ G 10 V^V Q ^V Q V^V^V^ + t#>, 



where, 



Gi = -3G 



G 5 

G 6 

G 9 
r (5) 



{{Uipf - 3L> (VV<^) 2 + 2 (VV</?) 3 ) - 2nipR p<J V p ipV a 



IRpvVXVtp + KV p XWtp + 2R pXar V p (pV a (pV x V T (f 



r (5) 

u ,xx 



3 ((D^) 2 - (VVp) 2 ) V A XV V - 6V p XW a XW p V^ + 6D^Vav p I 



G 2 = -6G^G pa V p V a tp + G^ x [(Dip) 3 - 3 (VV</?) 2 + 2 (VV<p) E 



G 3 = 6G { ^ x D(f, G 4 - 6G^i? + 6G ( ^ X 



-6G 



(L» 2 - (VVp)' 



(VV</?) 2 - (L» 2 + i?p CT VVVV + 6G^ ; X (V P IVI + L>V P AVV) , 



-UG^xDip, C 7 = 12G^ X , G 8 = -UG^ny - QG^ x V a XV a (p, 



-12G XX , C W — 12G K X , 



(A2) 



(A3) 



: -6G5{2 [(L>W + V p X) R p(p + V°V p ^V\R Xp<p - R pc7 V p ^V ( ^] V v)V > 
VpXWtpR^ + 2V p pR Kp V u) X - i2„ (/1 „ )<T W {UtpVtp + 2V° X) - 2VVV A A P ( M V ff V^}. 
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